
Layered decomposition for the model order reduction of timescale
separated biochemical reaction networks

Thomas P. Prescott a,b, Antonis Papachristodoulou a,n

a Department of Engineering Science, University of Oxford, Parks Road, Oxford OX1 3PJ, United Kingdom
b Life Sciences Interface Doctoral Training Centre, University of Oxford, Parks Road, Oxford OX1 3QU, United Kingdom

H I G H L I G H T S

� Layering reaction networks is an alternative to modular decomposition.
� Layering identifies timescale-separated variables without transformations.
� Fast and slow subsystems can be expressed in terms of original variables.
� Approximated dynamics are interpreted as summed contributions from fast and slow layers.
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a b s t r a c t

Biochemical reaction networks tend to exhibit behaviour on more than one timescale and they are
inevitably modelled by stiff systems of ordinary differential equations. Singular perturbation is a well-
established method for approximating stiff systems at a given timescale. Standard applications of
singular perturbation partition the state variable into fast and slow modules and assume a quasi-steady
state behaviour in the fast module. In biochemical reaction networks, many reactants may take part in
both fast and slow reactions; it is not necessarily the case that the reactants themselves are fast or slow.
Transformations of the state space are often required in order to create fast and slow modules, which
thus no longer model the original species concentrations. This paper introduces a layered decomposi-
tion, which is a natural choice when reaction speeds are separated in scale. The new framework ensures
that model reduction can be carried out without seeking state space transformations, and that the effect
of the fast dynamics on the slow timescale can be described directly in terms of the original species.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

A characteristic of many complex biological systems, including
biochemical reaction networks, is that dynamical processes can
occur on multiple, vastly different timescales (Southern et al.,
2008; Jamshidi and Palsson, 2008). Modelling such a system by
taking into account all of the timescales simultaneously results in
stiff models. Simulation of these models requires fine temporal
resolution to capture the fastest dynamics. If we are only inter-
ested in the behaviour of the system on a slower timescale,
singular perturbation (Hinch, 1991; Murray, 2002) is a well-
established model approximation technique which aims to capture
the important dynamics at that timescale and remove the stiffness
arising from the faster dynamics, making simulation and analysis
more practical.

Fig. 1 represents the method of model reduction through
singular perturbation as a sequence of steps. The first step is the
identification of non-dimensional fast and slow variables, by
which the system can be described by interconnected dynamic
subsystems. The subsystem corresponding to the timescale which
is not of interest is then approximated to be a static subsystem.
The final step is the expression of the approximated system in
terms of the original variables. In addition to approximating a stiff
model with a non-stiff model, singular perturbation is also a
model reduction technique. The reduction occurs because repla-
cing a dynamic subsystem with a static subsystem (the second
step in Fig. 1) removes differential equations from the recomposed
system.

Grouping reactants into fast and slow subsets is an example of
modular decomposition (Alexander et al., 2009). In the case of
biochemical networks, this classification may be difficult. The
variables are concentrations of reactants, but often the parameters
are such that it is instead the reaction rate constants which
separate in scale. If one reactant takes part in both fast and slow
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reactions, it cannot be classified as either fast or slow (Bennett
et al., 2007; Lee and Othmer, 2010).

Up to now, the remedy for this has been to find a transforma-
tion of the state space to create pooled variables (Kumar et al.,
1998). These are new variables, formed out of combinations of the
reactant concentrations, whose dynamics allow them to be classi-
fied as fast or slow. For example, the well-known QSS approxima-
tion of the elementary enzyme reaction network is not valid when
the enzyme concentration is on the same scale as that of the other
reactants. The tQSS approximation (Tzafriri, 2003; Ciliberto et al.,
2007) creates a new variable as a linear combination of two
physical quantities that, for a given parameter range, allows a
valid classification of variables as fast or slow. The improvement in
approximation error (Prescott and Papachristodoulou, 2012) by
taking the tQSS approach is at the expense of defining a new
variable modelling a total concentration, rather than one of the
original concentrations of interest.

This paper aims to perform singular perturbation of biochem-
ical networks while avoiding finding transformations of the state
variables. This will simplify the procedure of singular perturbation
and also create fast and slow subsystems which have a biochem-
ical interpretation in terms of the original variables. This is done
by first reconsidering the decomposition of the system into sub-
systems in Section 2. It will be shown that an alternative decom-
position method, termed layering (Prescott and Papachristodoulou,
2013), completes step 1 in Fig. 1 without requiring any transfor-
mations. We will then show in Section 3 how the approximation
arising from such a decomposition results in reduced models,
demonstrating our methods on two biological examples.

2. Decomposing biochemical reaction networks

This paper will focus on a standard ODE model for biochemical
reaction networks (Palsson, 2006). Suppose such a network con-
sists of N reactants Xi taking part in M reactions. The concentration
of each reactant, denoted xi(t), is a component in the state variable
xðtÞARN . The rate at which reaction j occurs is denoted vj(x),
where the argument is x to make explicit that each reaction rate
may depend on the concentrations of any of the reactants at each
point in time. The reaction rates form the components of the flux

vector vðxÞARM . The stoichiometric coefficient of Xi in the jth
reaction is denoted Sij, which represents the change in concentra-
tion of Xi as reaction j proceeds. Each coefficient Sij forms the
stoichiometric matrix SARN�M . These structures combine into a
system of N coupled ODEs

dx
dt

¼ SvðxÞ ð1Þ

where the initial conditions are denoted xð0Þ ¼ x0.
In this section we will discuss how singular perturbation

techniques can be interpreted as a decomposition of stiff systems
into interconnected subsystems of characteristic time scales, as in
Fig. 1. With this interpretation, we will show that established
methods involving transformations correspond to a modular
decomposition of the system. We then introduce a complementary
decomposition, termed layering, which results in an alternative
method for singular perturbation that avoids transformations and
thus retains the natural coordinates (i.e. species concentrations)
for each subsystem.

2.1. Modular decomposition of timescale-separated systems

The first stage of the approximation of a stiff non-dimen-
sionalised ODE system through singular perturbation is the
attempt to classify variables (i.e. reactants) as fast or slow. Suppose
that the N components of the state variable x can be partitioned
into two groups, where the components of xf ARNf are Nf fast

reactants and the components of xsARNs are Ns slow reactants.
Assuming a re-ordering of the reactants index, we can write
x¼ ðxTf ; xTs ÞT . The classification into fast and slow reactants can be

justified through the existence of a positive parameter ϵ51 such
that the non-dimensional system (1) can be written

ϵ _xf
_xs

" #
¼

Sf
Ss

" #
vðxf ; xsÞ;

where the rows of S have been re-ordered and partitioned
appropriately to the components of x¼ ðxTf ; xTs ÞT . This representa-

tion makes clear the decomposition of the system into an inter-
connection of fast and slow modules:

ϵ _xf ¼ Sf vðxf ; xsÞ;
_xs ¼ Ssvðxf ; xsÞ:
The full system state x can be recovered from the modular system
states through the concatenation x¼ ðxTf ; xTs ÞT .

However, often the parameters of the dynamical system are
such that there is no decomposition of the state vector x¼ ðxf ; xsÞ
into variables with timescale-separated dynamics. For example,
consider the enzyme kinetics network

XþE ⇌
k1

k� 1

C-
k2 YþE

modelling enzyme E converting X to Y via an intermediate
complex C. If the initial concentration ½Eð0Þ� ¼ eð0Þ of enzyme is
on a much smaller scale than that of the substrate ½Xð0Þ� ¼ xð0Þ
then the non-dimensionalised variables do separate in timescale
through the standard quasi-steady state (QSS) approximation.
However, if eð0Þ is on a similar scale to that of xð0Þ, it is no longer
valid to assume that the non-dimensionalised variables separate in
timescale, and another approximation must be found.

The standard technique in this case is to find a linear transfor-
mation T of the state vector so that the new state z¼Tx can be
decomposed into fast and slow variables z¼ ðzf ; zsÞ. In general the
required transformations are difficult to calculate, especially in the
case of large-scale systems, and are often driven by intuition. Even
when found, transformations of the state vector create linear

Fig. 1. The approximation of a stiff system through singular perturbation is broken
down into three stages. First the system is decomposed into an interconnection of
fast and slow subsystems, discussed in Section 2. In the second stage, discussed in
Section 3, the fast subsystem is approximated by a static subsystem. Finally, the
entire singularly perturbed system is formed from the recomposition of the original
slow subsystem with the new static subsystem.
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combinations of individual state components. This means that the
resulting modules are expressed in coordinates which no longer
represent the reactants originally modelled.

The technique described above, summarised in Fig. 2, is a
modular decomposition, where the decomposition step in Fig. 1
is achieved by partitioning the state vector. We will now describe
an alternative layered approach (Prescott and Papachristodoulou,
2013) to the decomposition of (1).

2.2. Layered decomposition

We now assume that, while the system of interest exhibits
timescale separation, we cannot classify the non-dimensionalised
variables (i.e. reactant concentrations) as fast or slow. Suppose
instead that it is the reaction rate constants defining the M
components of v(x) which are separated in scale. In what follows
we will define fast and slow subsystems through a layered
decomposition, summarised in Fig. 3.

Our assumption that the reaction rates separate in scale means
that we assume the existence of a positive parameter ϵ51
allowing the partition of the components of v into v¼ ðvf =ϵ; vsÞT ,
corresponding to the fast and slow groups of reaction rates
respectively.1 As with x in the modular decomposition, we assume
an ordering of the components of v to allow this representation.
Here vf and vs are on the same scale, and the scale separation is
entirely a consequence of ϵ. Partitioning the columns of S¼ ½Sf ; Ss�
conformally with the components of v means that we can write
(1) as

_x ¼ 1
ϵ
Sf vf ðxÞþSsvsðxÞ: ð2Þ

A decomposition of the system dynamics into the sum of two
vector fields is the key idea behind layered decomposition.

We now decompose (2) into two interconnected subsystems by
defining two states xf and xs, each taking values in RN , with
dynamics

ϵ _xf ¼ Sf vf ðxf þxsÞ; ð3Þ

_xs ¼ Ssvsðxf þxsÞ; ð4Þ
and initial conditions chosen such that xf ð0Þþxsð0Þ ¼ x0. The recov-
ery of the full state x is no longer by concatenation of the subsystem
states (as in the modular case), but instead through the summation

x¼ xf þxs of the layered states. It is clear from summing (3) and (4)
that this recovers the full system dynamics (2).

We now have fast and slow variables xf and xs, without
requiring any transformation of the state space. However, both
variables take values in RN , contrasting with the modular decom-
position into two components xiARNi in spaces of dimension
NioN. We will show in Section 2.4 that the layered decomposition
nevertheless results in subsystems of lower dimension. This will
be used in Section 3 to show that a layered approach to singular
perturbation does result in model order reduction in addition to
removing the model's stiffness.

2.3. Example

We now illustrate the two different approaches to network
decomposition on the enzyme reaction kinetics example above.
Assume that the enzyme concentration e is on the same scale as
the substrate x and product y concentrations, and suppose that the
reversible binding reaction is on a much faster timescale than the
conversion of complex to product:

XþE ⇌
k1=ϵ

k� 1=ϵ
C-

k2 YþE

Due to the conservation relation e þ c ¼ K for constant K and the
decoupling of y from the system, an ODE model for this reaction
network is the two-dimensional system

_x
_c

� �
¼ �1 1 0

1 �1 �1

� � k1xðK�cÞ=ϵ
k�1c=ϵ
k2c

2
64

3
75 ð5Þ

where ϵ51 is a small parameter which makes the reversible
binding/unbinding reactions much faster than the conversion of
complex C into product Y. While x is clearly a fast variable, since its
dynamics are on the timescale 1/ϵ, the timescale of c cannot be
easily classified, as it takes part both in fast and slow reactions.

At this point, the two possible decomposition techniques
diverge. The modular decomposition resulting from the tQSS
approximation (Tzafriri, 2003) requires a transformation to the
original system state ½x; c� to give new variables ½x; c�↦½x; xþc�.
It can be seen by summing the rows in (5) that the new variable
z≔xþc has only slow dynamics. The modular decomposition of
the dynamics thus gives two interconnected one-dimensional
subsystems with dynamics

ϵ _x ¼ �k1xðKþx�zÞþk�1ðz�xÞ; ð6Þ

_z ¼ �k2ðz�xÞ: ð7Þ

Fig. 2. Modular decomposition (modules indexed in subscript). Classify the
reactant concentrations as fast or slow variables. If such a classification cannot be
found then first transform the state vector into z¼Tx so that the components of z
can be classed as fast or slow. Each group of components forms the state of
a subsystem.

Fig. 3. Layered decomposition (layers indexed in superscript). Classify reactions as
fast or slow. Create two variables xf and xs; the first evolves according to the fast
reactions, the second according to the slow reactions. The evolution of each
variable makes up a subsystem, and no transformations are required.

1 We use superscript to index layers, and subscript for modules.
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The remainder of the singular perturbation method proceeds by
approximating the fast module (6) with a static system.

We now demonstrate layered decomposition. Consider again
the flux vector in (5). The first two components are separated
in scale from the final component, which means that we can
write (5) in the form of (2) as

_x
_c

� �
¼ 1
ϵ

�1 1
1 �1

� � k1xðK�cÞ
k�1c

" #
þ 0

�1

� �
k2c:

Putting each term of this expression into the layered decomposi-
tion (3)–(4), the layers' dynamics are

ϵ
_xf

_cf

" #
¼ �1 1

1 �1

� � k1xðK�cÞ
k�1c

" #
ð8Þ

_xs

_cs

" #
¼ 0

�1

� �
k2c ð9Þ

where x¼ xf þxs and c¼ cf þcs. With this decomposition we have
constructed a fast layer (8) and a slow layer (9) without resorting
to a transformation.

Fig. 4 shows how the layers' trajectories overlay through
summation to give the overall system dynamics, using the exam-
ple of c¼ cf þcs. The interpretation of cf and cs is that each is the
contribution to the dynamics of c arising from each layer. In the
transient, where t51, reactant C is quickly produced by the fast
layer through the fast equilibration of the reversible reaction
XþE⇌C.

However, at the slower timescale, the contribution of the slow
layer begins to decrease from its initial condition of csð0Þ ¼ 0. This
is because the slow reaction C-YþE consumes reactant C. There-
fore the slow layer acts to decrease the value of c by reducing its
contribution cs. Conversely, C is produced by the fast layer through
the equilibration of X þ E with a decreasing amount of reactant C.
Thus the contribution cf ðtÞ continues to increase, partially off-
setting the decrease in csðtÞ. Both layers eventually reach steady
state, with cf þcs-0.

The layered system (8)–(9) illustrates the dimension problem
mentioned above and also its solution, discussed in Section 2.4.

In the modular decomposition (6)–(7), the fast and slow modules
are each one-dimensional subsystems. However, the layered decom-
position (8)–(9) results in two subsystems whose states ½xf ; cf � and
½xs; cs� each takes values in R2. It appears that layering expands the
state space by creating two two-dimensional systems. However,
the layers are in fact one-dimensional systems embedded in R2. The
reduced dimension of each layer is due to additional conservation
relations introduced by the decomposition. We now discuss how to
ensure that the subsystems in a layered decomposition are of lower
dimension.

2.4. Dimensions of layers

First consider the complete biochemical reaction network ODE
model (1). Although the state x of this reaction network evolves in
RN , the dimension of the system is not determined by N.

Let rrmin fN;Mg denote the rank of the stoichiometric matrix
S. Consider any decomposition of S¼UC into two matrices where
UARN�r is full column rank and CARr�M is full row rank. The
existence of such a decomposition is proved in the following
lemma.

Lemma 1. For any SARN�M with rankðSÞ ¼ r there exists a decom-
position S¼UC where UARN�r and CARr�M are full rank.

Proof. The existence of a decomposition S¼UC can be proved
constructively using the compact singular value decomposition of
S¼ UΣVT . Here the columns of UARN�r form a basis for the
column space of S, the columns of VARM�r form a basis for the
row space of S, and ΣARr�r is a diagonal matrix of the r non-zero
singular values. Writing C ¼ΣVT , we have the required decom-
position S¼UC. □

Since _x ¼ Sv it follows that the translated trajectory
xðtÞ�xð0ÞAColðSÞ is in the image space of U. Since U is full column
rank, at each x(t) there is a unique ξðtÞARr such that x¼ x0þUξ.
The dynamics in (1) can then be re-written using the internal
“state” vector ξ as

_ξ ¼ Cvðx0þUξÞ; ð10Þ

x¼ x0þUξ: ð11Þ
This realisation of (1) shows that the dimension of any reaction
network is determined by r¼ rankðSÞ.

We can now use this dimensionality argument to show how
the layered decomposition (3)–(4) results in subsystems which are
of smaller dimension than the original system. The dimension of
the fast layer _xf ¼ Sf vf ðxÞ is determined by rf ¼ rankðSf Þ. Similarly
rankðSsÞ ¼ rs is the dimension of the slow layer. As long as rf or
and rsor, each layer will therefore be of a lower dimension than
the original system.

One interpretation of this argument follows from considering
the basis vectors of the left null space of S, which correspond to
N-r conservation relations in the original system (1). Since the left
null-vectors of S¼ ½Sf ; Ss� must also be left null-vectors of Sf and Ss,
the same conservation relations hold in each layer. However there
are now r�rs additional conservation relations within the slow
layer, and similarly r�rf additional conservations for the fast layer.
Therefore, each layer's trajectory is constrained to a smaller sub-
space of RN .

Consider again the enzyme decomposition example above. The
full stoichiometric matrix in (5) has rank 2. Carrying out a layered
decomposition results in two stoichiometric matrices in (8) and
(9), each of which has rank 1. Therefore each layer in this example
is of smaller dimension than the full system. The additional

Fig. 4. The solid black line is the simulation of c(t) according to (5) from initial
condition cð0Þ ¼ 0 with parameters K ¼ k1 ¼ k2 ¼ 1, k�1 ¼ 2 and ϵ¼0.05. The
broken lines correspond to the layered states cf ðtÞ and csðtÞ according to (8)–(9),
whose sum recovers c(t). Note that the fast transient in t51 arises in the fast
layer only.
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conservation relation in (8) is that xf þcf ¼ Kf , while that in (9) is
xs ¼ Ks.

3. Layered model reduction

In Section 2 we described an alternative decomposition
method for singular perturbation which does not rely on transfor-
mations or partitioning the state space. Furthermore, this decom-
position results in smaller-dimensional subsystems embedded in
the natural coordinate system, which therefore have an intuitive
interpretation in relation to the reactant concentrations being
modelled. The next stage of singular perturbation, as shown in
Fig. 1, is to approximate the fast dynamic subsystem (whether it is
a module or layer) into a static subsystem. In this section we will
investigate the impact of the layered decomposition on the results
of such an approximation.

3.1. Approximation through singular perturbation

3.1.1. Fast module
We first consider again the modular decomposition, where the

transformed state z¼ ðzf ; zsÞ ¼ Tx is partitioned into fast and slow
modules. The dynamics of each module are

ϵ_zf ¼ Sf vðzf ; zsÞ;
_zs ¼ Ssvðzf ; zsÞ;

where v ¼ v○T �1. To reduce the fast dynamic module to a static
module let ϵ-0 so that

0¼ Sf vð~zf ; ~zsÞ;
_~z s ¼ Ssvð~zf ; ~zsÞ;

where ~zi denotes the approximated value of each module's state zi.
In the limit, the value of ~zf depends statically on that of ~zs through
an implicit algebraic relationship. The state of the singularly-
perturbed system can then be recovered from ~z ¼ ð~zf ; ~zsÞ. In the
original coordinate system, the approximated system therefore
has the state ~x ¼ T �1 ~z .

In the case where transformation is necessary, the approxima-
tion leads to the static module ~zf ¼ϕð~zsÞ. The dependence is in
terms of the transformed variables, so we cannot interpret the
interaction of modules in terms of the original biochemical
species. We will now show that the layered decomposition
maintains the physical bases of the subsystems.

3.1.2. Fast layer
We now consider the layered decomposition (3)–(4). As in the

modular case above, this system is approximated by letting ϵ-0
on the left-hand side of (3) to give the singularly perturbed system

0¼ Sf vf ð ~xf þ ~xsÞ; ð12Þ

_~x s ¼ Ssvsð ~xf þ ~xsÞ; ð13Þ
where again the tilde denotes approximation. Taking the sum of
each layer's state

~x ¼ ~xsþ ~xf ; ð14Þ
gives the conversion from layered dynamics to the full system.

The algebraic relationship (12) defines an approximation of
the fast layer as a static system, where the fast variable is assumed
to immediately reach a steady state ~xf that depends on the
slow input ~xs. The following proposition proves the local
existence of the function ~xf ¼ϕð ~xsÞ that arises from the implicit
relationship (12).

Proposition 1. Consider any decomposition of the fast stoichiometry
Sf ¼Uf Cf , where Uf and Cf are full column and row rank respectively,
and assume that (12) holds. Suppose that

Uf ∂vf ð ~xscþ ~xfcÞCf

is invertible at a given value of ð ~xsc; ~xfcÞ, where ∂vf denotes the
Jacobian of vf. Then there exists a function ϕ defined on a neighbour-
hood of ~xsc such that ~xf ¼ϕð ~xsÞ.

Proof. By (3), it follows that xf ðtÞ�xf ð0ÞAColðSf Þ. Since Sf ¼Uf Cf ,
the columns of the full column rank matrix Uf form a basis for
ColðSf Þ. Thus we can write the state of the fast layer
xf ðtÞ ¼ xf ð0ÞþUf ξ for some ξARrf , where rf ¼ rankðSf Þ. In the limit
as ϵ-0, the approximated fast layer's state is therefore
~xf ðtÞ ¼ xf ð0ÞþUf ~ξ.

Substituting this expression for ~xf into (12) gives

0¼Uf Cf vf ð ~xsþxf ð0ÞþUf ~ξÞ

where we again write Sf ¼ Uf Cf . Since Uf is full column rank, this
relationship holds if and only if

0¼ Cf vf ð ~xsþxf ð0ÞþUf ~ξÞ≔Fð ~xs; ~ξÞ: ð15Þ

We have constructed a function F : RN � Rrf -Rrf that defines the
manifold on which ~ξ takes its values. The Implicit Function
Theorem (IFT) can now be applied to F. This states that if ∂F=∂ ~ξ
is invertible at a given point, the equation F¼0 results in a function
~ξ ¼ψ ð ~xsÞ locally around that point.

The required derivative is calculated via the chain rule as

∂F
∂ ~ξ

¼ Cf ∂v f ð ~xsþ ~xf ÞUf : ð16Þ

By the initial assumption that this matrix is invertible at ð ~xfc; ~xscÞ,
the function ~ξ must therefore exist by the IFT. Hence we can write
~xf ¼ xf ð0ÞþU f ~ξ ¼ xf ð0ÞþUfψ ð ~xsÞ ¼ϕð ~xsÞ. □

There are now two ways to express the layered approximated
dynamics. The first is to re-write (12)–(14) by replacing the
implicit relationship (12) with the explicit relationship ϕ, to give

_~x s ¼ Ssvsð ~xsþϕð ~xsÞÞ; ð17Þ

~x ¼ ~xsþϕð ~xsÞ: ð18Þ

This requires the construction of the function ϕ arising from (12),
which may be difficult to calculate. An alternative expression of
the approximate dynamics arises from combining (17)–(18) by
applying the chain rule to _~x . The approximate dynamics are

_~x ¼ Iþ ∂ϕ
∂ ~xs

� �
Ssvsð ~xÞ; ð19Þ

where we have substituted _~x s with (17). The ODE (19) can be
calculated without knowledge of ϕ using the following corollary to
the IFT.

Lemma 2. Assume again the conditions of Proposition 1. The depen-
dence of the fast variable on the slow variable ~xf ¼ϕð ~xsÞ given
implicitly by (12) is such that

∂ ~xf

∂ ~xs
¼ �Uf ½Cf ∂vf ð ~xÞUf ��1Cf ∂vf ð ~xÞ≕Mð ~xÞ; ð20Þ

where ∂vf denotes the Jacobian of vf.

Proof. Recall the construction of F in (15), and that (12) is
equivalent to F¼0. A standard corollary to the IFT applied in the
proof of Proposition 1 is that the derivative of ψ is found in terms
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of the partial derivatives of F as

∂ψ
∂ ~xs

¼ � ∂F
∂ ~ξ

" #�1
∂F
∂ ~xs

:

The invertible derivative ∂F=∂ ~ξ is (16), while a simple differentia-
tion of (15) gives

∂F
∂ ~xs

¼ Cf ∂vf ð ~xsþ ~xf Þ:

By writing ~xf ¼ xf ð0ÞþUf ~Ψ ð ~xsÞ we find

∂ ~xf

∂ ~xs
¼ �Uf ∂F

∂ ~ξ

" #�1
∂F
∂ ~xs

;

which matches the expression in (20). □

The preceding lemma is now used to derive the following
result:

Proposition 2. Given a partition of the flux vector v in a biochemical
reaction network (1) into a sum of fast and slow vector fields as in
(2), the singularly perturbed dynamics on the slow timescale are

_~x ¼ ðIþMð ~xÞÞSsvsð ~xÞ ð21Þ
with perturbation matrix M given by (20).

Proof. This result follows directly from (19) and (20). □

We can thus derive two expressions for the singularly perturbed
system: the layered system (17)–(18), and the combined system (21).
Note that, because Mð ~xÞ depends on the state, it is not immediately
clear that (21) forms a reduction of (1), although the system has been
approximated by removing the stiffness. In Gerdtzen et al. (2004) the
authors use a result similar to (21) to reduce the model, by deriving a
modular decomposition of a transformed state space.

The fact that singular perturbation of a layered decomposition
is a model reduction technique is made clear through the layered
expression (17)–(18) which was used to derive (21). The state ~xs in
(17) is an embedding into RN of an rs-dimensional system, where
rs ¼ rankðSsÞorankðSÞ, and can therefore be reduced to a system of
rs equations using the arguments of Section 2.4. However, in order
to use (17)–(18) we need to calculate ϕ.

We will now demonstrate the use of layered decomposition for
singular perturbation on two biological examples.

3.2. Enzyme kinetics example revisited

Recall the two decompositions of the enzyme kinetics system
described in Section 2.3. First consider the layered decomposition
(8)–(9). For singular perturbation we let ϵ-0 in (8). The resulting
expression for (12)–(13) is

0¼ �1 1
1 �1

� � k1 ~xðK� ~cÞ
k�1 ~c

" #
; ð22Þ

_~x s

_~c s

" #
¼ 0

�1

� �
k2 ~c;

where ~c ¼ ~cf þ ~cs and ~x ¼ ~xf þ ~xs.
Section 3.1 gives two possible representations of these

dynamics: (17)–(18), or (21). By Proposition 2 the singularly
perturbed system (21) is determined by the calculation of M in
(20) as

Mð ~x; ~cÞ ¼
�γ 1�γ
γ �ð1�γÞ

" #
;

γ ¼ k1ðK� ~cÞ
k1ðKþ ~x� ~cÞþk�1

:

Substituting M into (21) results in the ODE system

_~x
_~c

" #
¼

1�γ 1�γ
γ γ

" #
0
�1

� �
k2 ~c;

which is written in terms of the approximate values of each
concentration ~x and ~c . The 2� 2 matrix ðIþMÞ multiplying the
isolated slow dynamics represents the state-dependent effect of
the fast layer on the slow layer in the singularly-perturbed system.

Writing these dynamics out in full as

_~x
_~c

" #
¼ �1
k1ðKþ ~x� ~cÞþk�1

k1 ~xþk�1

k1ðK� ~cÞ

" #
k2 ~c;

it is not immediately clear that the approximation arising from
(21) gives a model reduction, although we can see that the original
system stiffness has indeed been approximated. As discussed in
Section 3.1, the layered expression (17)–(18) can give a better
practical model reduction scheme. However, it requires us to find
½ ~xf ; ~cf �T ¼ϕð½ ~xs; ~cs�T Þ from the algebraic relationship (22).

We can show by Proposition 1 that the function ϕ exists and by
Lemma 2 that its Jacobian is M as given above. After calculating
ϕ¼ ð ~xf ; ~cf ÞT , (which arises from the solution to a quadratic
equation and is omitted for brevity) the approximated slow
dynamics (17)–(18) are

_~x s

_~c s

" #
¼ 0

�1

� �
k2ð~csþ ~cf ð ~xs; ~csÞÞ;

~x
~c

� �
¼ ~xs

~cs

" #
þϕ

~xs

~cs

" # !
:

This system is clearly one-dimensional, since ~xs is constant. This
illustrates how the layered representation (17)–(18) ensures that
the dynamics (21) imply a reduced model. The simulated trajec-
tories of ~ci in each approximated layer can be seen in Fig. 5. The
fast variable ~cf is now a static function of the slow variables ðxs; csÞ,
resulting in a trajectory which is clearly close to the exact
trajectory shown in Fig. 4, except along the transient time period
t51.

The interpretation of the trajectories in Fig. 4 still applies to
those in Fig. 5, but now the contribution from the fast layer is
approximated to be static rather than dynamic. This means that
the contribution arising from the equilibration of the fast rever-
sible reaction XþE⇌C is assumed to occur instantaneously. Thus
the approximation introduced by singular perturbation now has a
clear physical interpretation when considered in terms of layered
decomposition.

Fig. 5. These trajectories are the approximated equivalents of those in Fig. 4. The
broken curves correspond to the layered states ~csðtÞ and ~cf ðtÞ ¼ ~cf ð½ ~xs; ~cs�Þ, whose
sum recovers ~cðtÞ plotted along the black curve. Note that the fast transient has
been approximated to be an instantaneous contribution from the fast layer.

T.P. Prescott, A. Papachristodoulou / Journal of Theoretical Biology 356 (2014) 113–122118



3.3. The Wnt pathway

As a demonstration of layered singular perturbation on a
substantial biochemical example, we will consider the reduction
of the model of the Wnt pathway described in Krüger and
Heinrich (2004). This model consists of 15 reactants concentra-
tions xi and 25 reactions vj(x). The authors make three distinctions
of timescale by partitioning the flux vector v into fast, medium,
and slow timescales. We will approximate the system on the
medium timescale. Parameterising these scales by ϵ51, the
dynamics can be written in the form of (2) as

_x ¼ 1
ϵ
Sf vf ðxÞþSmvmðxÞþϵSsvsðxÞ

for the fast, medium and slow stoichiometries and flux vectors
given in Fig. 6. Each reaction parameter ki is assumed to be on the
same scale; any scale separation only arises from ϵ.

Applying a slight modification of the layered decomposition in
Section 2 to this system results in the definition of three inter-
connected layers,

ϵ _xf ¼ Sf vf ðxf þxmþxsÞ; ð23Þ

_xm ¼ Smvmðxf þxmþxsÞ; ð24Þ

_xs ¼ ϵSsvsðxf þxmþxsÞ; ð25Þ

where we choose to put the initial conditions into the medium
timescale so that xmð0Þ ¼ xð0Þ and xf ð0Þ ¼ xsð0Þ ¼ 0. Note that each
subsystem is embedded in the full state space R15, but the
dimension of each layer is given by the rank of its stoichiometry.

Consider the modular decomposition of this model in Krüger
and Heinrich (2004), in which the authors create three new
medium timescale variables Pi as linear combinations, or “pools”,
of the reactants that take part both in reactions of more than one
timescale; for example P3 ¼ X8þX11þX14þX15. The variables
resulting from modular decomposition are therefore not all
expressed in terms of the original species of interest. We will
demonstrate in this example that, in the case where reaction
speeds separate in scale, layering is a natural decomposition
method for singular perturbation.

We now approximate the fast and slow timescales, and con-
sider the medium timescale only. Taking the limit as ϵ-0 in (25),
the slow layer's dynamics are approximated by _~x s ¼ 0. The zero
initial condition implies ~xs � 0, and there is no contribution to the
medium timescale dynamics from the slow layer.

The more interesting consequence of singular perturbation comes
from the approximation of the fast layer into a static subsystem.
Letting ϵ-0 in (23), the approximated state ~xf of the fast layer
satisfies the algebraic relationship Sf vf ð ~xmþ ~xf Þ ¼ 0. As described in

Fig. 6. The stoichiometry and flux vectors at the fast, medium and slow timescales in the model of the Wnt pathway in Krüger and Heinrich (2004).
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Section 3.1, this algebraic equation implicitly defines the static system
through the existence of a function ϕ such that ~xf ¼ϕð ~xmÞ.

We can show the existence of ϕ through Proposition 1. Letting
Cf ¼ I and Uf ¼ Sf gives a decomposition of Sf ¼Uf Cf that satisfies
the required full row and column rank conditions respectively. The
matrix ∂vf Sf is non-singular for all non-negative concentrations,
and thus the condition for the existence of ϕ in Proposition 1 is
satisfied. In order to construct this function recall that in the proof
of Proposition 1 we show the existence of ψ such that ϕ¼Ufψ .
Here Uf ¼ Sf has rank 4, so the resulting ψ takes values in R4.
To find ψ, and hence ϕ, the manifold given by (15) implies that
~xf ¼ Sfψ ð ~xmÞ must satisfy

vf ð ~xmþSfψ ð ~xmÞÞ ¼ 0: ð26Þ
This condition can be used to either derive an analytical expres-
sion for ψ, or calculate ψ numerically.

Substituting ~xf ¼ Sfψ ð ~xmÞ and ~xs ¼ 0 into (24) gives the
approximated reduced order system

_~xm ¼ Smvmð ~xmþSfψ ð ~xmÞÞ ð27Þ
with initial conditions ~xmð0Þ ¼ xð0Þ. As described in Section 2.4,
this approximate model is of dimension rankðSmÞ ¼ 8. This means
it could be reduced to a system of 8 ODEs without incurring any
error. Finally, the approximated system state is

~x ¼ ~xmþSfψ ð ~xmÞ: ð28Þ
As in the previous example, this can be interpreted as correcting
the contribution to the state from the medium timescale ~xm by
adding on Sfψ ð ~xmÞ. This additional contribution arises from the
fast layer instantly equilibrating the concentrations supplied by ~xm

across the four fast reversible reactions.
For example, suppose we impose the initial conditions xið0Þ ¼ 1

for all i¼ 1;…;15 with parameters kj ¼ 1 and W ¼ k� j ¼ 2. Having
let ϵ-0, the initial value of the approximated fast layer's state
~xf ð0Þ ¼ϕð ~xmð0ÞÞ is
~xf ð0Þ ¼ ½0;0;0:17;0;0; �0:214;0:295; �0:17;

0;0;0:42;0:214;0:17; �0:17; �0:08�T ;

which is the contribution of the static (i.e. approximated fast) layer
at time t¼0. This contribution overlays onto ~xmð0Þ to give the
approximate initial condition ~xð0Þ ¼ ~xmð0Þþϕð ~xmð0ÞÞ for the full
singularly perturbed system. The fact that both the fast and
medium layers' states are embedded in the untransformed state
space R15 means that we can immediately see the contribution of
the fast dynamics to each variable in the approximated system: ~x11
in particular receives a large correction of þ42% as it “instantly”
equilibrates across the four reversible reactions that comprise the
fast layer.

After this initial correction, the medium timescale variable ~xm

evolves according to (27). The value of ~xf ðtÞ ¼ϕð ~xmðtÞÞ at each time
point provides the additive contribution of the fast layer to give
the approximate state ~xðtÞ. For example, Fig. 7 plots the contribu-
tions to ~x12 from each layer. The fast layer provides an instant
correction of ~xf12ð0Þ ¼ 0:214 as the initial conditions instantly
equilibrate across the fast reactions. The medium layer contributes
decreasing quantities of ~xm12, since the net result of the reactions in
this layer is to consume X12. This is offset by the increase to ~x12
contributed by the fast reactions, which equilibrate the changing
concentrations supplied by the reactions in the medium layer.

This analysis illustrates that we can directly observe the effect
of the approximated layer in terms of contributions to each
reactants' concentration. In Krüger and Heinrich (2004) the
decomposition is modular and the required transformations mean
that fast variables are expressed in terms of pooled variables. Thus
the interpretation of singular perturbation in terms of the original

species is lost by a decomposition into modules. This example
illustrates that this decomposition gives a direct interpretation of
the fast subsystem as the contribution of the fast biochemical
processes to the evolution of each species.

4. Discussion

We first discuss what the layered model reduction in Section 3.1
does not do. Consider again the expanded dynamics given by (2), and
the approximation to the fast layer given by (12). A naïve approach
to the timescale separation argument is to simply substitute (12)
into (2), giving approximate dynamics equal to the dynamics of the
slow layer running in isolation: _~x ¼ Ssvsð ~xÞ. This approach is clearly
incorrect when considering the slow layer (9) of the enzyme kinetics
example in isolation; this approach would imply that ~x was constant.
This paper has instead approximated the system as the slow layer
running with an input supplied by the action of the fast layer on the
slow layer. This input can be written in two ways: as a corrective
term to the slow state as shown in (17)–(18); or as a state-dependent
perturbation to the slow dynamics (21). As shown in Proposition 2,
the second of these representations is a consequence of the first.

This work is closely related to previous work (Kumar et al.,
1998; Vora and Daoutidis, 2001) which deals with stiff systems in
non-standard form. In Kumar et al. (1998) the authors characterise
the conditions under which transformations exist which deter-
mine fast and slow variables, while Vora and Daoutidis (2001)
show that the stiffness can be directly approximated without
transformation. Indeed, the derivation of (21) recovers results
from Gerdtzen et al. (2004) and Vora and Daoutidis (2001).
In the previous work, that result is then used to derive a model
reduction by a modular timescale separation, where the “actual
slow variables” are combinations of the original variables. By
deriving (21) (from 17–18), this work ensures that the fast and
slow variables are embedded in the original coordinates. The rank
arguments of Section 2.4 are sufficient to ensure that we have a
model reduction that allows the direct identification of the fast
and slow contributions to each species.

The effect encoded in M as found in (20) can be interpreted as
quantifying the retroactivity between two modules (Gyorgy and
Del Vecchio, 2014; Del Vecchio et al., 2008). Formulating sub-
systems as layers, rather than modules, directly models retro-
activity by summing the contributions of species taking part in

Fig. 7. These curves plot the approximate concentration of X12 in the singularly
perturbed system (27)–(28) The broken curves correspond to the layered states
~xf
12 ¼ ~xf

12ð ~xmÞ and ~xm
12, whose sum recovers ~x12 plotted along the black curve. Note

that a fast transient is approximated to be an instantaneous contribution from the
fast layer.
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multiple layers. Since the retroactivity has been accounted for as
the input of each layer, the input–output behaviour of a layer
remains the same on interconnection. The timescale separation
discussed in Jayanthi and Del Vecchio (2011) also recovers a
version of the results in (21). By using the column and row space
bases Uf and Cf of the fast layer's stoichiometry in (20), this result
can be interpreted in terms of the stoichiometric structure of each
subsystem's reaction network.

The result in Jayanthi and Del Vecchio (2011) also dealt with
modules on more than two timescales. We can adapt the layering
method to consider the approximation of the slow dynamics in the
example in Section 3.3, where we originally focussed on the
medium timescale. We could focus on the slow timescale by re-
scaling t in (23)–(25) to give

ϵ2 _xf ¼ Sf vf ðxf þxmþxsÞ; ð29Þ

ϵ _xm ¼ Smvmðxf þxmþxsÞ; ð30Þ

_xs ¼ Ssvsðxf þxmþxsÞ; ð31Þ

where we will now put the initial conditions xs ¼ xð0Þ, with
xm ¼ xf ¼ 0. Here, the timescale separation will need to be carried
out in two steps, as described in Vora et al. (2006), by considering
the layers in sequence from fast to slow. The timescale hierarchy
(Jamshidi and Palsson, 2008) is reflected by first constructing
xf ¼ϕ1ðxmþxsÞ from (29), and then re-writing (30) as

0¼ Smvmðϕ1ðxmþxsÞþxmþxsÞ

to find the next implicit function xm ¼ϕ2ðxsÞ. A similar method to
that used to derive (21) would allow the approximated dynamics
to be expressed in terms of a perturbation (depending on the
column and row spaces of Sf and Sm) to the isolated slow dynamics
SsvðxÞ.

Using the M representation (21) for model reduction is difficult
because, as shown in Section 3.2, the conservation relations in the
resulting differential equations are obscured by the nonlinearity
of M. The stiffness has been removed, which does simplify simu-
lation, but without going through some potentially intractable
further analysis there would still be as many differential equations
to solve as there were before. Another benefit of the layered
representation of the approximate dynamics given by (17)–(18) is
therefore that we have a non-stiff approximation of the system
that can be further reduced without incurring any additional error,
by using the dimensionality arguments of Section 2.4 on the slow
layer's dynamics (17).

Our decision to term these subsystems “layers” is influenced in
part by work related to Bruggeman et al. (2008) and Hofmeyr and
Westerhoff (2001). There, the authors consider a particular decom-
position, which they call layering, where the reactants are parti-
tioned into subsystems so that the reactions are also partitioned.
This is a special case, only possible for block diagonal S. In the
terminology of this paper, that decomposition is both layered
and modular, since both reactions and reactants are partitioned.
A layered approach is also conceptually similar to work done in
static networks on multislice systems (Mucha et al., 2010).
In multislice networks, nodes (i.e. reactants) are replicated across
all slices (i.e. layers), and edges are either intraslice (i.e. reactions
within a layer) or between the replicated nodes in different
slices (i.e. the summation across all layers of each reactant's
contributions).

The arguments in this paper have been in the context of
biochemical networks. However, as with modular decompositions,
layered decompositions for timescale separation are in theory
applicable to any system with stiff dynamics. The dynamics in (2)

are a special case of the more general dynamics

_x ¼ FðxÞ ¼ FsðxÞþ1
ϵ
Ff ðxÞ

where Fs and Ff take values on the same scale. Defining the layered
dynamics as

_xs ¼ Fsðxsþxf Þ;
ϵ _xf ¼ Ff ðxsþxf Þ;
with initial conditions such that xsð0Þþxf ð0Þ ¼ xð0Þ, we can per-
form a similar approximation by letting ϵ-0 and applying the
Implicit Function Theorem to deduce the resulting approximate
dependence of ~xf on ~xs. In the context of biochemical systems, the
specific form of Ff and Fs allows us to calculate this dependence
directly, and ensure that the approximated model is of a lower
dimension than the original. In full generality, this is not necessa-
rily possible. One potential direction for future work would be to
explore how to layer timescale-separated systems with different
types of dynamics. Alternatively, we may be able to apply layered
decomposition to other, more general, systems without necessarily
partitioning the vector field based on timescale separation; for
example, layered networks of multi-agent systems as in Tsubakino
and Hara (2012) and Williams et al. (2004).

5. Conclusion

We have presented the dimensionality reduction of biochem-
ical network models through singular perturbation as a process of
model decomposition followed by the approximation of a fast
dynamic subsystem by a static subsystem. Our contribution has
been to use a new method of decomposition, introduced in
Prescott and Papachristodoulou (2013), called layering.

The new decomposition technique works from a principle of
partitioning reactions into subsystems, rather than reactants. The
resulting layers are lower-dimensional subsystems which are
embedded in the original state space, whose states sum to give
the original system. When scale separation occurs in reaction
speeds, layers form a natural technique for finding fast and slow
variables without requiring any transformations of the state space.
As no transformations have been employed, the state of each layer
is interpreted as the contribution to the observed state arising
from its defining subset of reactions.

We then proceed with singular perturbation by approximating
the fast layer as a static subsystem. The contribution ~xf of the
approximated fast layer provides an estimate of how the instant
equilibration of the fast reactions correct the contribution ~xs of the
slow dynamics, resulting in an estimate ~x for the observed
dynamics of the singularly perturbed system.

We have demonstrated that layering is a natural system
decomposition in the context of biochemical reaction networks.
We expect that, beyond the question of model reduction, this
framework will be able to provide additional insights to the
analysis and understanding of large, complex biochemical networks.
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