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Abstract— Dissipativity analysis is an important tool for the
analysis of the dynamic response of systems of Ordinary Differential Equations to structural and parametric perturbations.
In order to certify dissipativity, semi-definite programming is
commonly used for the computation of storage functions of
polynomial systems, but is currently not a practical solution
for large-scale systems. This paper formulates the computation
of a class of structured storage functions that exploit the
structure of systems that can be decomposed into cascades.
Structured storage functions allow the decomposition of the
semi-definite programs used to prove dissipativity, thereby
reducing the computational cost of SOS programming and
making its application to large-scale systems more practical.
Thus structured storage functions deliver additional speed
and flexibility to the dissipativity approach to parametric and
structural sensitivity analysis.

I. I NTRODUCTION
In the analysis and control of complex systems there is a
trade-off between the accuracy and tractability of the models
used, since accurate models tend to be complicated and difficult to analyse. Model decomposition [1], [3], [9], [10], [11],
[16], [17], [23] is an approach which seeks to exploit the
structure of a system to decompose a particular problem by
splitting analysis or design tasks across subsystems. Various
ways to exploit system structure in the analysis of large-scale
systems have been investigated [2], [4], [18], [20], [21], [22].
In this paper we will demonstrate how, by identifying cascade
structures, we can decompose the construction of storage
functions using semi-definite programming, with applications
to a dynamic parameter sensitivity analysis of a nonlinear
system.
There are many different types of sensitivity analyses
which are very often application-specific [19], [24]. In the
context of biochemical reaction networks, for example, different versions of control analysis [5], [6], [8] quantify the
steady-state response to parameter changes. Here we assume
that, while the transient dynamics respond to a parameter
perturbation, the steady state is independent of the perturbed
parameters, and therefore does not respond. Our measure of
the parameter sensitivity is the L2 norm of the difference in
output trajectories between the nominal and perturbed model.
Consider an autonomous upstream system whose output
u forms the input to a downstream system with output y.
The problem is to understand how a parameter perturbation
upstream changes the trajectory of y. Our approach is to
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search for storage functions [7] which bound the output of
an error system. As discussed in [15], the computational cost
of a semi-definite programming approach to this problem
quickly explodes with the increase in system dimension. We
will show how to slow this very rapid increase by limiting the
search for storage functions to a particular class of structured
storage functions that reflect the cascade structure of the
system.
This paper is structured as follows. In the rest of this section we briefly review the use of SOSTOOLS in constructing
storage functions, and introduce an example cascade system
which will illustrate our structured formulation. Section II
develops the application of the SOS technique to structured
parameter sensitivity analysis. In Section III we apply these
methods to the example system, before discussing the implications for model reduction techniques in Section IV.
A. SOS programming and dissipativity
This paper focuses on the proof of dissipativity of various
dynamical systems with respect to given supply rates. Dissipativity can be certified by the construction of a storage
function. For polynomial (and rational polynomial) systems
of ODEs, storage functions can be calculated using semidefinite programming, which is enabled by a relaxation of
positivity constraints into SOS constraints, as follows.
Suppose we have a system with dynamics
ẋ = f (x, u)

(1)

with y = y(x), for state x ∈ Rn , input u ∈ Rp and
output y ∈ Rm . For a given supply rate s(u, y), the system’s
dissipativity is defined as follows.
Definition 1: The system (1) is dissipative with respect to
s(u, y) if there exists a function V (x) of the state that is
positive semi-definite, such that
dV
+ s(u, y) ≤ 0
(2)
dt
along the trajectory of x(t). Then V is a storage function.
SOSTOOLS [12] is a MATLAB toolbox that implements
an SOS programming technique for constructing polynomial
storage functions V . We have used this software in previous
work [15] to satisfy a dissipation inequality bounding the L2
error in the output incurred from model order reduction.
Definition 2: A polynomial function φ : Rn → R is
SOS, denoted φ ∈ Σ, if there existPpolynomial functions
k
p1 , . . . , pk : Rn → R such that φ = i=1 p2i .
Clearly φ ∈ Σ implies that φ is a positive semi-definite
polynomial; the converse, however, is not true [14]. Nevertheless, the stronger condition is useful because it can
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be formulated as a semi-definite feasibility problem by the
following lemma, proved in [14]:
Lemma 3: The polynomial function φ ∈ Σ if and only if
it is of even degree deg(φ) = 2d and there exists a positive
semi-definite matrix Q  0 such that φ(x) can be written
φ(x) = Z(x)T QZ(x),
where Z(x) is a vector of monomials in the components of
x, of degrees at most d.
SOS programming exploits this result to implement the
search for a storage function V as a semi-definite feasibility
problem. Suppose x ∈ D ⊂ Rn , where the domain D is
defined by a set of k polynomial inequalities
D = {x ∈ Rn | gi (x) ≤ 0 for i = 1, . . . , k} .

(3)

Suppose the reaction network (7) is perturbed by changing
the value of α from α1 to α2 . The steady state of this reaction
network remains constant, but the transient dynamics will be
perturbed. In general, suppose we have a system of ODEs
with dynamics ẋ = f (x; π) for parameter vector π, with
measured output y = y(x). Consider the nominal parameter
value π1 and the perturbed parameter value π2 . We denote
the dynamics of each case by ẋi = f (xi ; πi ) and output yi =
y(xi ) for i = 1, 2. The effect of the perturbation can then
be measured by a norm of the output difference ky1 − y2 k,
which we take as
Z ∞
2
2
ky1 − y2 k2 =
|y1 − y2 | dt,
0

The following lemma is adapted from [13], and formulates
the search for a storage function as a SOS program.
Lemma 4: Assume that the dynamics f (x, u) and h(x),
and the supply rate s(u, y), are polynomial functions. If
there exists a polynomial function V (x) and k polynomial
functions σi (x) such that
V (x) ∈ Σ,

(4)

∀i = 1, . . . , k, σi (x) ∈ Σ,
k
 X
− V̇ (x) + s(u, y) +
σi (x)gi (x) ∈ Σ,

(5)



II. PARAMETER SENSITIVITY

(6)

i=1

then V is a storage function certifying dissipativity, locally
to D, with respect to the supply s.
Note that if D = Rn then we simply assume k = 0 in the
conditions (4)–(6).

based on the Euclidean norm of Rm . We assume that the
steady states of the systems are equal, so that this measure
is finite.
We shall discuss two methods of estimating ky1 − y2 k.
The first [15] uses SOS programming to calculate a single
storage function, which we will term the direct method.
However, large-scale systems often render this impractical.
Thus this paper introduces a second method that exploits
cascade structures to decompose the construction of a storage
function. We first deal with the upstream perturbation and
then characterise how that propagates to the downstream
subsystem. This strategy can achieve significant computational savings. In the process of introducing structured
storage functions, we will also demonstrate that the storage
functions used to estimate incremental gain [18] are a class
of structured storage functions.

B. Small example system
We will introduce the structured storage function method
in the context of the following small example system, taken
from the theory of biochemical reaction networks. Consider
the system
α

X1

→ X2

X2 + X3

→ X4

Consider the following auxiliary system of autonomous
ODEs
ẋi

(7a)

β

ye = y1 − y2

(7b)

of 4 reactants Xi taking part in 2 reactions. Assume that the
initial concentrations xi (0) of species Xi form the vector
x(0) = [a, b, c, 0]T . This network has a cascade structure,
where reaction (7a) is upstream of reaction (7b). This is
reflected by the dynamics
u̇ =
ξ˙ =

A. Direct method

−αu,

(8a)

−β(a + b − k + ξ − u)(c − k + ξ),

(8b)

where k = min(a+b, c), and with initial conditions u(0) = a
and ξ(0) = k. The vector x of concentrations xi of species
Xi is recovered through the linear relationship
T

x = [u, a + b − k + ξ − u, c − k + ξ, k − ξ] .

(9)

The system is a clearly a cascade, as (8a) is an autonomous
system forming the input into (8b). Note also that as t → ∞
both u and ξ tend to 0.

= f (xi ; πi ),

(10a)

= y(x1 ) − y(x2 ),

(10b)

with initial conditions xi (0). The following theorem, proved
in [15], relates a storage function for the dissipativity of this
system to an upper bound on the dynamic response to the
parameter perturbation.
Theorem 5: Let V (x1 , x2 ) be a storage function certifying
the dissipativity of (10) in D with respect to storage function
s = |y1 − y2 |2 . Then
ky1 − y2 k22 ≤ V |t=0

(11)

holds.
Proof: By definition V satisfies (2). Integrating this
inequality proves (11): see [15] for details.
We can now utilise SOS programming by applying Lemma
4 to construct an appropriate storage function through the
following optimisation problem, where gi define the state
space D in (3).
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Lemma 6: Define decision variables V (x1 , x2 ) ∈ Σ and
σi (x1 , x2 ) ∈ Σ . Minimise V |t=0 = V (x1 (0), x2 (0)) subject
to the SOS constraint
k

 X
− V̇ + |y1 − y2 |2 +
σi gi ∈ Σ.
(12)
i=1

Then (11) holds.
Proof: The function V satisfies the conditions of
Lemma 4 with supply rate s = |y1 − y2 |2 , and is therefore
a storage function certifying the dissipativity of (10) with
respect to s. By Theorem 5, the error bound holds.
Note that, since we assume given initial conditions, we can
impose the objective min(V |t=0 ) to ensure that the resulting
bound (11) is as tight as possible.
For example, consider (10) for f given by (8). This
consists of four differential equations
u̇i
ξ˙i

=

−αi ui

=

−β(a + b − k + ξi − ui )(c − k + ξi ) (13b)

V̇u (u1 , u2 ) + su (z1 , z2 ) ≤ 0

B. Structured storage functions
We call the SOS method described above the direct method
for estimating the perturbation response. However, a common
problem with its implementation is the impractically large
computational cost in large-dimensional state space. We will
now demonstrate how to exploit cascade structures to reduce
the cost of the resulting SOS problem.
Recall the dynamical system ẋ = f (x; π) with parameter
vector π, state x(t) ∈ D ⊂ Rn and output y(t) = h(x(t)) ∈
Rm . Now suppose that the system is a cascade, whereby a
decomposition xT = [uT , ξ T ] and π T = [πuT , πξT ] exists such
that
(14a)
(14b)

We interpret u and ξ as the states of the upstream and downstream systems respectively, with the downstream system
driven by input z and with output y.
The task of this section is to measure the effect on y of
perturbing the upstream parameters πu . As with the auxiliary
system in (10b), we can write two instances of (14) indexed
by i = 1, 2 to correspond to two parameter vectors (πu )i .
Recall that the direct method in Theorem 5 seeks a storage
function V (u1 , ξ1 , u2 , ξ2 ) such that V̇ +|y1 −y2 |2 ≤ 0 for all
t. However, an intuitive way to exploit the cascade structure
(14) to calculate a structured storage function V is to first

(15a)

for a particular supply rate su . Define the positive semidefinite function
V (u1 , ξ1 , u2 , ξ2 ) = V0 (ξ1 , ξ2 )+Vu (u1 , u2 )V1 (ξ1 , ξ2 ) (15b)
for positive semi-definite functions V0 and V1 . Then if the
inequality
V̇0 + Vu V̇1 − su V1 + |y1 − y2 |2 ≤ 0

(15c)

holds, V is called a structured storage function, and the
sensitivity of y can be bounded above by
ky1 − y2 k2 ≤ V |t=0 .

(13a)

for i = 1, 2, with initial conditions ui (0) = a and ξi (0) =
k = min(a+b, c). Suppose we are interested in the sensitivity
of the trajectory of X4 . According to (9), this sensitivity is
measured by k(k − ξ1 ) − (k − ξ2 )k2 = kξ1 − ξ2 k2 .
By Lemma 6, we seek a storage function
V (u1 , ξ2 , u2 , ξ2 ) ∈ Σ to satisfy (12) for yi = ξi , from which
we can conclude the bound kξ1 − ξ2 k2 ≤ V (a, k, a, k)
on the sensitivity. This bound is optimised for given
initial conditions by imposing the objective function
min(V (a, k, a, k)).

u̇ = fu (u; πu ), z = z(u; πu ),
ξ˙ = fξ (ξ, z; πξ ), y = y(ξ; πξ )

identify the effect on z, and then determine how that passes
downstream to y.
Theorem 7: Suppose that (14a) satisfies

(16)

Proof: Consider the derivative V̇ = V̇0 + Vu V̇1 + V̇u V1 .
By (15a) this is bounded above such that V̇ ≤ V̇0 + Vu V̇1 −
su V1 . Thus (15c) implies that V̇ + |y1 − y2 |2 ≤ 0. Therefore
V satisfies (2) and V (x1 , x2 ) is a storage function for the
supply rate |y1 − y2 |. By Theorem 5 the bound (16) follows.
As in Section II-A, we can use Lemma 4 to construct
polynomial functions V0 and V1 that satisfy (15) as follows:
Lemma 8: Assume that the upstream system satisfies
(15a) for a particular polynomial supply rate su and storage
function Vu . Now extend the downstream state space (ξ1 , ξ2 )
with a new dummy variable vu (t). Define decision variables
Vj (ξ1 , ξ2 ) ∈ Σ for j = 0, 1, to construct V̄ (ξ1 , ξ2 , vu ) =
V0 + vu2 V1 . Define also slack variables σi ∈ Σ for i =
1, . . . , k with arguments (ξ1 , ξ2 , vi ). Minimise V |t=0 subject
to the SOS constraint
k

 X
− V̇0 + vu V̇1 − su V1 + |y1 − y2 |2 +
σi gi ∈ Σ. (17)
i=1

Then the effect of the perturbation can be bounded such that
(16) holds for V with the substitution for the dummy variable
vu = V u .
Proof: Finding feasible Vj and σi for (17) implies that
for ξi ∈ D and vu such that v̇u + su ≤ 0 we have V̄˙ +
|y1 − y2 |2 ≤ 0. Substituting vu = Vu into V̄ means that the
resulting V = V̄ (ξ1 , ξ2 , Vu ) satisfies all of (15), and thus
(16) follows by Theorem 7.
Note that if V1 = γ 2 is a constant, a structured storage
function is simply a linear combination of the upstream storage function Vu and a downstream storage function V0 . Many
decomposed approaches to dissipativity analysis questions
consider linear combinations of subsystem storage functions
[11], [18]. However, the key distinction between these methods and the function V in (15b) is that V1 (ξ1 , ξ2 ) ∈ Σ is
not necessarily a constant, but is allowed to be a general
SOS polynomial of a specified degree. We will show in
Section III-A that this can allow for less conservative upper
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bounds on sensitivity than those deduced from taking linear
combinations.
We now consider the computational savings of structured
storage functions. Suppose that the states u and ξ have
dimension Nu and Nξ respectively, so that the full state x
has dimension N = Nu + Nξ . Using the direct method as
described by Lemma 6 results in a single SOS program of
2N variables. The structured approach instead gives two SOS
programs, where the upstream program is of dimension 2Nu .
Suppose that the input z from the upstream to downstream
system is a vector in a space of dimension Nz ≤ Nu . The
downstream program is in 2Nξ + 1 + 2Nz variables, where
the extra 1 comes from the dummy variable vu . Thus we
reduce the number of variables from the large SOS program
if the inequality Nz < Nu is strict. As will be seen in the
results of Section III, smaller Nz compared to Nu results in
significant computational saving.
C. Adapting structured storage functions
To improve the bound (16) further, we may be able to
‘import’ even more information from the upstream system by
adapting (15b) to use additional upstream storage functions.
Corollary 9: Suppose the upstream system satisfies the R
storage inequalities
sj (z1 , z2 ) + V̇u,j (u1 , u2 ) ≤ 0
for j = 1, . . . , R. Define the positive semi-definite function
V (u1 , ξ1 , u2 , ξ2 ) = V0 (ξ1 , ξ2 ) +

R
X

Vj (ξ1 , ξ2 )Vu,j (u1 , u2 )

j=1

for positive semi-definite functions Vj , j = 0, 1, . . . , R. If
the inequality
|y1 − y2 |2 + V̇0 +

R 
X


V̇j Vu,j − sj Vj ≤ 0

j=1

holds, then the system is dissipative with respect to the
supply rate |y1 − y2 |2 with structured storage function V ,
so that
ky1 − y2 k2 ≤ V |t=0 .
Proof: This result can be deduced by the repeated
application of Theorem 7.
The equivalent SOS constraint to (17) is given by
|y1 − y2 |2 + V̇0 +

R 
X
j=1

k
 X
V̇j vu,j − sj Vj +
σi gi ∈ Σ (18)
i=1

for a state space with R additional variables vu,j .
III. N UMERICAL R ESULTS
The following two examples illustrate the construction of
structured storage functions. First, recall the dynamics (13)
of the system in Section I-B. We will show the importance
of the additional flexibility that structured storage functions
bring to quantifying parameter sensitivity.

A. Low dimensional cascade
Fix the reaction rates α1 = 1, α2 = 1.1 and β = 1
in (13). We can estimate the sensitivity kξ1 − ξ2 k2 of X4
both directly, and with structured storage functions, using
the SOS programs described by Lemmas 6 and 8. We will
observe in this example that we can find structured storage
functions when incremental gain methods fail, considering
three instances of the parameters p = (a, b, c) in turn: p1 =
(1, 0, 2), p2 = (1, 2, 1), and p3 = (1, 1, 1, 5).
First substitute (a, b, c) = p1 into (13), with initial conditions (ui (0), ξi (0)) = (1, 1). We can apply Lemma 6 to these
dynamics, where D is such that ξi ∈ [0, 1]. In this instance,
(12) results in the SOS constraint
−|ξ1 − ξ2 |2 − V̇ + σ1 (ξ1 − 1)ξ1 + σ2 (ξ2 − 1)ξ2 ∈ Σ. (19)
By optimising V (1, 1, 1, 1), the SOS program returns an
upper bound of kξ1 − ξ2 k22 ≤ V (1, 1, 1, 1) = 0.00164. A
simulation of the two systems shows that this estimate agrees
with a sensitivity of kξ1 − ξ2 k22 ≈ 0.0016. Similar results
hold for (a, b, c) equal to p2 and p3 , with tight estimates of
1.57 × 10−5 and 3.54 × 10−4 respectively.
We now decompose the search for V by applying Lemma
8 to exploit the cascade structure of (13). For all pm , we
can use Lemma 6 on (13a) to easily calculate a degree two
storage function Vu for the upstream dynamics (13a) that
returns ku1 − u2 k2 ≤ 0.00217 as a bound on the upstream
perturbation. The aim is now to observe how this sensitivity
propagates downstream for each pm .
For each (a, b, c) = pm , m = 1, 2, 3, we seek a structured storage function V of the form (15b) to prove the
dissipativity of the downstream system, locally to the state
space where ξi ∈ [0, k], ui ∈ [0, a], and where x2 =
a+b−k +ξi −ui is positive. For (a, b, c) = p1 , we first seek
V such that V1 = γ 2 is a non-negative constant, meaning that
V = V0 + γ 2 Vu is a linear combination of downstream and
upstream storage functions. Implementing the SOS program
with constraint (17), and seeking to minimise the upper
bound V0 (1, 1) + γ 2 Vu (1, 1), we find an upper bound of
kξ1 − ξ2 k22 ≤ 0.0022 using a fourth-order storage function
V0 (ξ1 , ξ2 ), where the resulting value of γ 2 is 1.0002.
Next, seeking a similarly structured storage function V =
V0 + γ 2 Vu in the case where (a, b, c) = p2 results in
an upper bound of kξ1 − ξ2 k2 ≤ 1.69 × 10−4 , with
γ 2 = 0.0762. However, if we now allow V1 to vary over
degree-2 SOS polynomials, this bound can be improved to
kξ1 − ξ2 k2 ≤ 1.361 × 10−4 . Thus, the flexibility of allowing
non-constant V1 in (15b) improves error bounds past those
which can be constructed by linear combinations of upstream
and downstream storage functions.
Finally consider (a, b, c) = p3 . There is no feasible V0
and V1 (constant or polynomial) that satisfies (15c) for the
given su = (u1 − u2 )2 . We can overcome this problem by
first constructing V̂u satisfying (15a) with ŝu = (u1 + u2 )2 .
Substituting ŝu into (17) now results in a feasible SOS
problem. This gives an upper bound kξ1 − ξ2 k2 ≤ 0.1999
when searching over deg V0 = 4 and deg V1 = 2. Clearly
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this bound is very conservative compared to the direct error
bound of 3.54 × 10−4 found above. Alternatively, we can
apply Corollary 9 to collect together the information from
su = (u1 − u2 )2 and ŝu = (u1 + u2 )2 . We define a
structured storage function V = V0 + Vu V1 + V̂u V2 for SOS
polynomials V0 , V1 , and V2 . Minimising V |t=0 subject to
(18) with deg V0 = 4 and deg V1 = deg V2 = 2 results in a
much improved upper bound of kξ1 − ξ2 k2 ≤ 0.001.
This example is an extremely simple system that illustrates
how we can use the flexibility of structured storage functions
to improve the analysis of how sensitivity propagates through
systems past seeking linear combinations of the storage
functions. However, the simplicity of this example is also
its weakness: the state space dimension is so small that
there is no computational saving in this method, since Nξ =
Nu = Nz = 1. However, the next example demonstrates of
the capacity of structured storage functions for significant
computational savings over the direct method.
B. High dimensional cascade
Now suppose that the value of α in (7a) is a time-varying
quantity, proportional to the concentration of a certain enzyme E, which takes part in the biomolecular network
Pi
E1 + E2

µi

→
kon
kof f

Ei ,

i = 1, 2,

E,

such that E is formed from the binding of the two proteins
Ei , each of which activated from Pi at rate µi . Assume that
the initial concentrations of Pi are given by πi , with Ei and
E initially at 0 concentration. This layer is then modelled in
Nu = 3 variables as
u̇1

=

−µ1 u1 ,

(20a)

u̇2

=

−µ2 u2 ,

(20b)

u̇3

=

kon (π1 − η − u1 − u3 )(π2 − η − u2 − u3 )
− kof f (u3 + η),

(20c)

with initial conditions ui (0) = πi , i = 1, 2, and u3 (0) = −η.
Here η is the unique solution 0 < η < min(π1 , π2 ) to
0 = kon (π1 − η)(π2 − η) − kof f η.
The downstream dynamics of (7) can now be written in Nξ =
2 variables as
ξ˙1
ξ˙2

=
=

−α(u3 + η)ξ1 ,

requires 16 SOS multipliers σi to constrain the certification
of dissipativity to the state space where each concentration
is non-negative. Assuming deg(V ) = deg(σi ) = 2, the
resulting SOS program is of dimension 6, 392 and takes
23.4 s to return an upper bound of E ≤ 0.5412. Increasing
the degree of V to 4 gives a much tighter bound of E ≤
0.0108, at the cost of a 82, 337-dimension problem that takes
4742 s = 1 h 19 m to complete.
This relatively large optimisation can now be decomposed
into the search for a structured storage function according to
Lemma 8. The upstream analysis requires a SOS program of
2Nu = 6 variables. Constructing Vu of degree 4 that satisfies
(15a) with su = (u3 − ũ3 )2 and minimising Vu |t=0 takes a
dimension 7303 SOS program 43 s to complete. According
to Lemma 8, the downstream program has 2Nξ + 2Nz +
1 = 7 variables. However, with this choice of su , fixing any
reasonable value of deg(V0 ), deg(V1 ) and deg(σi ) results in
an infeasible SOS program.
The search for a structured storage function can again
be extended using Corollary 9, where we set Vu,1 = Vu
and s1 = su as defined above. We now construct a second
function Vu,2 for the upstream supply rate s2 = (u3 +
ũ3 )2 , again in 43 s. The downstream SOS program is now
in 2Nξ + 2Nz + 2 = 8 variables. Seeking deg(V0 ) =
deg(V1 ) = deg(V2 ) = 4, the downstream program, of
dimension 26, 105, completes in 221 s. The cost of this
significant speed-up, compared to the direct approach, is that
the final error bound of E ≤ 0.0845 is more conservative
than the previous bound E ≤ 0.0108.
An important benefit of the structured storage function can
be seen if we consider a new perturbation µ̃1 = 2.5, with
simulated error E ≈ 0.0152. To bound this error using the
direct method, with deg(V ) = 4, would take over one hour.
However, we can re-use elements of the structured storage
function to further speed analysis. We can determine new
functions Vu,j for the upstream system, optimised to the new
perturbation, in 86 s (or half of this time if the two upstream
programs are run in parallel). However, we do not need to
repeat the downstream analysis: the previously calculated
functions V0 and V1 are both still feasible for (15), although
they are no longer optimal. Hence, we can quickly construct
an upper bound of E ≤ 0.0969 in around one minute, rather
than over one hour.
IV. D ISCUSSION

(20d)

−β(a + b − k + ξ2 − ξ1 )(c − k + ξ2 ), (20e)

where ξ1 (0) = a and ξ2 (0) = k. The steady state of xT =
[uT , ξ T ] is 0, and there is a single input Nz = 1.
Suppose that we perturb µ1 = 1 to µ̃1 = 2, for example,
where tilde now must denote the perturbed system. We
estimate the effect on the trajectory of X4 by the norm E =
kξ2 −ξ˜2 k2 . We estimate a benchmark value of E ≈ 0.0106 by
simulating the two systems, with the other parameters fixed
at choices [a, b, c, π1 , π2 ] = [1, 0, 2, 1, 2] and µ2 = kon =
kof f = α = β = 1. Using the direct method of Section
II-A, the resulting SOS program is in 10 variables, and

It is clear from the results of Section III that the direct
method in Theorem 5 returns upper bounds on the parameter
sensitivity which very closely match the simulated sensitivity.
By reducing the space of storage functions we can search
over, the structured approach of Theorem 7 is comparatively
conservative. This conservatism is the price of reducing
computational cost. The other computational benefit of this
decomposition, shown in Section III-B, is a consequence
of decoupling the calculations. Once we have computed V0
and V1 to satisfy the test (15c), these SOS polynomials
remain valid for any Vu ∈ Σ satisfying (15a). Hence the
downstream SOS program does not need to be re-run to find
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a valid (although suboptimal) bound on the sensitivity of
the downstream system to a different upstream perturbation,
further reducing the computational cost.
Both examples also showed that su = (u1 − u2 )2 may
fail to achieve a feasible structured storage function, and is
therefore not always necessarily the best choice of su . More
research is needed to determine how to choose the upstream
supply rates to provide the optimal upper bound (16) with
the lowest computational cost.
Recall that the technique for sensitivity analysis is adapted
from a technique originally applied to bounding error in
model order reduction [15]. The structured analysis in this
paper can therefore be extended to decompose the problem
of error estimation for model order reduction into the order
reduction of subsystems. Rather than perturbing an upstream
layer’s parameters, suppose its order is reduced. Finding the
resulting error in the downstream output can be decomposed
in a similar way to parameter sensitivity by using Theorem
7. In this paper and in [15] we consider storage functions
in autonomous systems. However, the introduction of a
structured storage function approach should allow the more
general application of this method to bound perturbations in
systems with external inputs. Further work will need to be
carried out to also generalise this approach to non-cascade
interconnection structures.
V. C ONCLUSIONS
We have introduced the concept of structured storage
functions to decompose the dissipativity analysis of nonlinear
cascade systems (applied to dynamic parameter sensitivity
analysis). Assuming that the size of the output of the
upstream system is small relative to the state dimension,
this can significantly reduce the computational burden of the
required SOS optimisation problems. Moreover, structured
storage functions allow for greater flexibility and less conservative error bounds than approaches that seek linear combinations of subsystem storage functions. This framework
will have further applications for model order reduction and
sensitivity analysis of more complicated, non-cascade, nonautonomous systems.
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